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#1 Where's Waldo/Charlie the kernel? For optimal control

Time-varying state-constrained LQ optimal control
min x(T
min - g(x(T))
+ (Mg x(to), x(t0) ) + (Erx(T),x(T))

+/ (7)||2dT + T<H*R_1HX(T),X(T)>dT

Jto

s.t. d—x = Fx(7) + GQ%U(T), a.e. inftp, T]
T

What's the kernel?



#1 Where's Waldo/Charlie the kernel? For optimal control

Time-varying state-constrained LQ optimal control

X(rsl’iﬁ') g(x(T)) — L(x(t)jep)
(Mg x(t0). x(t0) ) + (Z7x(T),x(T))
v / iEar+ [ (R dr S OIR
5. Ex = Fx(7) + GQ2u(r), ae. in[to, T| = x() € Sy,

What's the kernel? It is the one describing the Sobolev-like space of trajectories

K(s,t|T) = drx(s to)(My" + X(to)) "®F 5 (¢, to)
min(s,t)

+ ®r5(s,7)GRG E w(t,7)dT (1)

to



#2 Where's Waldo/Charlie the kernel? For Kalman estimation

Continuous-time estimation problem (smoothing/filtering) over GPs with linear SDE
dx(t) = Fx(t)dt + Gdw(t), x(t) =&,
dy(t) = Hx(t)dt + db(t), y(to) = 0.

Problem: Estimate x(s) with the o-algebra YT = o(y(7),0 < 7 < T) by (linear) minimum
mean square estimator, a.k.a. the minimum variance linear estimator

(2)
(3)

R(s|T) = E[x(s)[Y 7] = xs(s| T) := x(s) + tOT Ss(t[ T)dy(t). (4)
T
es(s|T) := x(s) = xs(s|T) = x(s) — /to Ss(t[T)dy(t). (5)
5(|T) € argminTs(s| T) = Eles(s| T)(es(s] T))"]. (6)
S(IT)

The kernel is the covariance of ez ([ T) and we have Ss(t|T) = K(s, t| T)H*R™,
K(s, t|T) = Eles (s| T)(es,(t[T))*] € LR™,R") (7)



Reproducing kernel Hilbert spaces (RKHS)

A RKHS (Hk, (-, )7, ) is a Hilbert space of real-valued functions over a set T if one of the
following equivalent conditions is satisfied (Aronszajn’s theorem)

Jk:TxT = Rst. ke(-) = k(-,t) € Hi and F = (f(-), ke(:)) 5, forall t € T and f € Hg
(reproducing property)

kiss.t. G =[k(ti,tj)]];_; = 0 and Hx :=span({ke(-)}te7). i.e. the completion for the
pre-scalar product (k¢(-), ks(+))k,0 = k(t,s)

Loeve's theorem: a kernel is p.s.d. if and only if it is the (proper) covariance of second-order
stochastic process




Two essential tools for computations

Representer Theorem

Let L : RV — R U {oo}, strictly increasing Q : R, — R, and

f € argmin L ((f(tn))ne[N]) +Q([Ifll«)
fEHK

Then 3 (an)nen € RN st. () = > ne[N] ank(-, tp)

< Optimal solutions lie in a finite dimensional subspace of H.

Finite number of evaluations = finite number of coefficients

<Z ank('atn)a Z bmk('ysm»’HK = Z Z anbmk(tnysm)

n€[N] mée[M] n€[N] me[M]

< On this finite dimensional subspace, no need to know (Hk, (-, )7, )-



In a nutshell

e finding an RKHS somewhere allows for simpler computations

@ in LQ optimal control, RKHSs come from vector spaces of trajectories

@ in linear estimation, kernels come from covariances of optimal errors



A detour through estimators - stochastic versions

A min E((X — X)T(X - X)). (MMSE)
Xel?2(2xT), ® meas., X=d(Y)
min E((X — X)T(X = X)). (MVLE)

Xel2(QxT),SeL(L?,12),X=SY
Gaussian process regression for real-valued x introduces the canonical congruence 1y between
Y and its RKHS Hy, i.e. ¥y (v Y:)(s) = E[YsY,']v for all v € R™,

) min E((X — X)T(X = X)). (GP-reg)
Xel2(QxT), gety, X=¢3 1 (g)

By convex duality, introducing a process A which acts as a Lagrange multiplier,

min E((X - X)T(X = X)) +2(AX = SY)
/\6L2(Qxfr R™*) Xel2(QxT), SeL(L2,12)

Minimizing over S imposes A € £(Y)*, the orthogonal space of £(Y) in L?( x T,R").
Minimizing over X gives XT=X"-Aso

: T TixT
Aerg(lg)lIE((X —N)' (X' =N)). (MVLE-dual)

L2(QxT,R")



A detour through estimators - the deterministic viewpoint

Note that for any deterministic A(-) € L?([to, T],R™*), S also minimizes

. min _CE(IRO) (X = X)|17)-
Xel2(QxT),SeL(L?,L2), X=8Y

For Y = HX + Z, defining the deterministic v(-) = ST A(-), S minimizes a “control” problem

e ey (01 0A0) 4 0Ol =2 (30 G, - (MVLEGe)

(RO=HTV() XA =HT V() 2 V() RV()), 2

Expressing the maximum log-likelihood estimator for a realization y(-) of Y as

Q(.)eTzi(nT’Rn) <)?() - nyC;ly(.),Cg_l(f((-) — CXYC;ly(.))>L2 + <y(.)7c;1y(.)>L2 ) (LSE)

(X().6x120)) 2+ () =HEC) R ()=HE()) 2



Justifying the (dual) optimal control

We start by expressing <r5(s\ T, 5\> more explicitly,

(A, (sl T)>:<X,x(s))—ft;<5;(t\ T)/_\,dy(t)>:<5\,x(s)>—ft;—<Ss*(t| T)X,Hx(t)dt+db(t)).

We seek an expression where x does not appear. We introduce the adjoint equation over \g

dxs . < 10 ifs<T T
S = F*Xs(t) — H*S; (t| T)A, )\S(T)—‘ N ifs— T As(S) = As(s™T) = \,ifs< T,
] (8)
Then a simple calculation shows that </\,e§s(s|T)> = ... integration by parts ...

- - T
<F5(5\T))\,>\> = (MoAs(t0), As(to)) +/ (GQG"\s(t), As(2)) dt

to .
+ [ (RS;(tIT)A, S3(¢[T)A) dt (9)

to



A two-point boundary problem

More generally, beyond linear feedbacks (S?(-|T))), for a general control input v(-) minimize

dxs .. N |0 ifs<T T _
= F*As(t) + H v(t), As(T) = N fe T As(s) = As(s™T) = \,ifs< T;
T T
J(v(+)) = (MoAs(to), As(to)) + t (GQG™ Xs(t), As(t)) dt + ) (Rv(t), v(t)) dt.
0 0
We get S¥(t| T)X = 05(t) = R~1H4s(t) and the Hamiltonian system:
dAs A * % dS‘S * 3 * p— A
2 = () = GQG™As(t); === = F*As(t) + H' R HA(t)
. B . 10 ifs< T R
’Vs(tO) - _HO)\s(tO)z >\S(T) - ‘ 5\ ifs=T ° )\s(s) - )\5(5 ) - )‘7 ifs<T.
dﬂ A * A do * A * p—1 g~
e Fi(t) — GRG*D(t) + 1,(t); — = F*o(t) + H'R™Hu(t) — 1,(t)

fi(to) = —Moo(to), o(T)=X7a(T).



Kernels and Riccati equations

% = FA(t) — GQG*(t) + fu(t); - % = F(t) + H'R™THf(t) — (1)
fi(to) = —MoD(to), P(T) =Zri(T).

Set fi(t) = —MN(t)2(t) and P(t) = X(t)/(t)? Such as:

—%z = Y (t)F + F*X(t) — X(t)GQG*X(t) + H*RH, Y(T)=X;
%n = FN(t) + N(t)F* — N(t)H*R™1HN(t) + GRG*, N(to) = Mo.

Look for kernels K and A such that

T T
,&(s):/ K(s, t| T (t)dt  for [,(-) =0, 19(5):/ A(s, t| T),(£)dt for h(-) = 0.

to to



A primal space of trajectories

Introduce semigroup of F — GQG*X(t) denoted ®F 5 (s, t)

d;iq)/:’z(ﬂ t) = (F — GQG*Z(T))CDFI(T, t), d)/:yz(t, t) =Id
St = {x() € HY|3u() € 12 st di’Tx — Fx(r) + GQ}u(r)}

with square-norm
OB = (Mg x(t), x(t0) ) + (Erx(T).x(T))

[tg, T]
T T
—i—/ Hu(T)szT—i—/ <H*R71HX(T),X(T)> dr
to to
has kernel

K(s.t|T) = @rx(s, t0)(Mg" + X(t0)) T O 5 (t, o)

min(s,t)
+ / Or 5 (5,7)GQG Ok 5 (£, 7)dT

to



A dual space of information vectors
Introduce semigroup of F — M(s)H*R~1H, denoted ®£ (s, t))

d£¢,;;q(7‘, t) = (F — N(1)H*R" H)dF (7, t), ®rn(t,t) =Id;
-

d * *
Sty ={A) e H [v(:) e 7 st — E)\(t) = F*\(t) + H*v(t)}
with square-norm

IAOIZ, | = (MoA(t). Alto)) + (EFA(T). A(T))

+/tOT(GQG*>\(t),>\(t)>dt+ tOT<Rv(t),v(t)> dt
has kernel
N(s, t|T) = 5 n(T,s)(Z7 +N(T)) e n(T, t)
+ ! Fn(r.s)H* R HOE (7, t)dr

max(s,t)



Dual deterministic problems
d
)= [ Ivte) = (OBt + 1167 (Sx = Fx(0)) et

, + (M5x(t0), x(t0)) + (Erx(T),x(T))
K(-, t| TYH*R 1y (t)dt

= argmin L(x(")) = [|[R™y ()|} + ||X(')||?sa .
x(ES o

—2(H*()R7L()y(),x())

L2([t,T])

Set R-1y(t) = proj| % (y(t)) € R ImH + proﬂLng (v (t)) € Ker H*(t).

min A 2/ R ro H ”R t dt o R/2 ro H ||R . 2
Jesp, T]H Hsﬁo 7 Projim (¥ (t)), v( )> IR projye - ()( y( Dz

- / Iproli £ (y(8)) = v(©) el + / (GQGA(), A(1)) dt + (MoA(to). Ato))
+(ZIAT)AT)) = IRy ()2,



Summary

Stochastic problems Deterministic problems
. | (i) Given Gaussian processes (X¢):epo, 17, (Yt)tefo, 7] (ii) Given RKHS Sjt,, 1) With kernel K, observations y(+)
< | Solve linear MMSE i.e. (MVLE) Solve primal optimal control problem over trajectories
«©
O . T % . 2 * D—
T;u minge vy BIX = X) 1 (X = X)) m'"x(«)eS[XtD,T]|\X(')|\s[§0ﬂ —2(H'R 1Y(')7X(')>L2([tD,T])
& | Optimum: X = E[X|Y] = Optimum: X(-) = ftz— K(-, t| T)H*R=1y(t)dt
+» | (i) Given Gaussian processes (XtT)te[o,T]’ (Ye)tepo, 1) | (iv) Given RKHS S[AtoiT] with kernel A, observations y(-)
5 | Solve over (A¢)seo,7] (MVLE-dual) Solve dual optimal control problem over adjoint/information
(2}
3
T>u mln/\eﬁ L ]E((XT )T(XT — /\)) mlnA( ES)‘ H)\( )H?SA - — 2 I <R PYO‘]” HR (y(t)), V(f)> df
S :
® | optimum: X7 = X7~ A Optimum: (1) = —R-+H3(1) + proll§(r(2)

Table: Vertical: permute min-max into max-min. Horizontal: set dw(t) =

u(t)dt.

Kernels of LQ optimal control come from Hilbertian vector spaces of trajectories. For

estimation problems, they are covariances of GPs. The “Dual”

, deterministic and stochastic,

nature of kernels leads to “duality” between optimal control and estimation in the LQ case.




Conclusion

In a nutshell

o finding an RKHS somewhere allows for simpler computations
@ in LQ optimal control, RKHSs come from vector spaces of trajectories

@ in linear estimation, kernels come from covariances of optimal errors
Objective:

@ re-read known optimal control/estimation problems through kernel lens

@ use nonlinear embeddings on the state, apply it to stochastic optimal control, and
optimization over measures



